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1. Introduction. Throughout this paper L=L(<, U, N, +) will always
denote an /-group, and order will always mean linear order. An element s&L
is basic if 0<s and {xE€L:0<x=s} is ordered. For each a €L, let L* be the
intersection of all convex subgroups of L that contain a. An element s of L
is basic if and only if 0 <s and L*1is ordered (Lemma 2.1). Each ordered con-
vex subgroup of L is contained in a maximal convex chain of L. If R is a
maximal convex chain of L that contains 0, then R is a convex ordered sub-
group of L (Theorem 3.1). This generalizes the result of Jakubik [5] that a
maximal chain of L that contains 0 and is convex, is a convex ordered sub-
group of L. It follows that each basic element of L is contained in a unique
maximal convex ordered subgroup of L, and any two such subgroups are dis-
joint.

A subset S of L is a basis for L if S is a maximum set of disjoint elements
and each s in S is basic. L has a basis if and only if each strictly positive ele-
ment of L is greater than or equal to at least one basic element (Theorem
5.1). In Theorem 5.2 we show that L has a basis provided that it satisfies the
following condition.

(F) Each strictly positive element of L is greater than or equal to at most
a finite number of disjoint elements.

One of the main results of this paper is that an l-group that satisfies (F)
can be constructed from ordered groups by a sequence of cardinal and
lexicographic extensions (Theorem 6.1). Each l-group with a basis contains
a greatest l-ideal C that satisfies (F) (Theorem 6.2). The structure of C is
then given by Theorem 6.1. We show in Theorem 6.3 that if L satisfies (F),
then L is a topological group in its interval topology if and only if L is ordered.

If S={a,:yET} is a basis for L, then each a, is contained in a maximal
convex ordered subgroup A, of L, and the small cardinal sum »,44, of
these o-groups is an Il-ideal of L. If T is any other basis for L, then T consists
of elements from the 4,; one and only one element from each 4,. In Theorem
7.2 we prove that the following are equivalent.

(i) L has a basis and no maximal convex ordered subgroup of L is bounded
from above!

(it) There exists an l-isomorphism of L onto a sublattice of the large
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cardinal sum of the 4,, and this sublattice contains the small cardinal sum
of the 4,.

In particular, L is Archimedean and has a basis if and only if L can be
embedded in a large cardinal sum of subgroups of the real numbers (Theorem
7.3). L is a small cardinal sum of Archimedean ordered groups if and only
if L is Archimedean and satisfies (F). We also show that if L is complete
and has a basis, then L is l-isomorphic to the large cardinal sum of the 4, if
and only if every basis of L has an upper bound.

In §8 we explore the possibility of generalizing Theorem 6.1 in order to
obtain a structure theorem for an arbitrary I-group with a basis. In §10 we
obtain some results for /-groups that do not have a basis. In §11 the previous
results are applied to commutative /-groups. Each abelian I-group L has a
unique divisible closure D, and if L satisfies (F), then so does D. Applying
Theorems 6.1, 7.2, and 7.3 to D we get a complete structure theorem because
a lexico-extension of a divisible abelian l-group by a divisible abelian l-group
is necessarily direct (Proposition 11.2).

The theory in §9 is entirely due to A. H. Clifford. Also Clifford was ex-
posed to an earlier version of the proof of Theorem 6.1 and suggested im-
provements, many of which are incorporated in this proof. In particular, the
original proof of Theorem 6.1 made use of the special case when L has a finite
basis [4, Theorem 1] and this version does not.

2. Cardinal sums, lexico-extensions and lexico-sums. A subset S of an
l-group L is convex if

(1) a<x<b and a, bES imply that xES, and

(i1) a\JOES for all aES.

Clearly the intersection of convex subsets of L is a convex subset of L, and a
set of positive elements of L is convex if and only if it satisfies (i). If Sis a
subgroup of L, then (i) is equivalent to

(i') 0<x<b and bES imply that xES.

A subset S of L is an Il-ideal [2, p. 222] if and only if S is a normal convex
subgroup of L. L is a cardinal sum of l-ideals 4, for yET (notation ) +4,)
if L is the small direct sum of the 4, (notation »_®A4,), and a,,+ - - - +a,,
20, where a,,E4,; and v:v; if 1#j, if and only if ¢,,20 for ¢=1, - - - , n.
The corollaries to the next theorem show that some of the properties in this
definition are redundant. If L= Y,4A4,, where the 4, are ordered groups
(notation o-groups), then it is easy to show that the 4, are the maximal
ordered l-ideals of L. In fact, in §7 we show that the 4, are the maximal chains
in L that contain 0 and are convex.

For any subset S of L, let [S] denote the subgroup of L that is generated
by S.

THEOREM 2.1. Let L, for yET be convex subsemigroups of positive elements
of L such that L{N\Lg= {0} if a7 and let A be the subsemigroup of L that is
generated by the L,.
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(@) LaN\(subsemigroup generated by all the L, for y=~a) = {0} for all a €T,
and a.+as=ag+a. for all aa& Lo and as&Lg provided a#=p. Moreover, if
X=%Xay+ * * * +Xa, Where 057 xe,ELy; and ai#a; if 1#], then x=x,\J - - -
Ux,, and this representation is unique.

(b) [A]={a—b:a,bEA}. [A]is convex and A is the convex subsemigroup
of all positive elements of [A].

© [4]=2+I[L,].

CoroLLARY 1. If A,(yET) s a convex subgroup of L and if the subgroup
G of L generated by the A, is the small direct sum of the A,, then G= Y +A,.

This theorem and corollary are proven in [4] for finite T', and the exten-
sion to infinite I' is immediate. In particular, if C is a convex semigroup of
positive elements of L that contains 0, then [C]={x—y:x, yEC}, [C] is
convex and C is the semigroup of all positive elements of [C]. Conversely if
S is a convex subgroup of L, then S = {a — b:a, b € S+}, where S*
={s&S:s20}. In particular, L= {a—b: a, bSL+}.

CoroLLARY I1. If L is a small direct sum of subgroups A, for yET, then
the following are equivalent.

(1) L= +A4,.

(2) Each A, s convex.

3) ay,+ - - - +a,,20, where a,.CA,; and y;#vy; for 1#j if and only if
;20 fori=1, - - -, n.

For it follows from the definition of cardinal sum that (1) implies (2) and
(3), and by Corollary I, (2) implies (1). The proof that (3) implies (2) is
straightforward, and we omit it.

L is a lexico-extension of an l-group S (notation L={(S)) if S is an Il-ideal
of L, L/S is an o-group, and each positive element in L\S exceeds every ele-
ment in S. Trivially, L=(L), and Z=(0) if and only if L is an o-group. Let
S be an I-ideal of L. In Lemma 9.1 we show that L={(S) if and only if each
nonzero element in L/S consists entirely of positive elements or entirely of
negative elements. If S50, then L =(S) if and only if each positive element
in L\S exceeds every element in S [4]. Let S be an l-group, T an o-group, and
L=S®T. Define that s+t&EL is positive if t>0 or t=0 and s=0. Then
L={S) and we say that L is a direct lexico-extension of S. In §11 we prove
that if L is divisible and abelian, and if L=(S), then L is a direct lexico-
extension of S. In [4] examples are given of lexico-extensions that are not
direct. Also, see the example in this paper after Theorem 2.3.

Let A, - - -, A, be o-groups; then by a finite alternating sequence of
cardinal summations and lexico-extensions we can construct l-groups from
the A4, in which each 4 is used exactly once to make a cardinal extension and
the o-groups used to make the lexico-extensions are arbitrary. We call such
groups lexico-sums of the A;. For example, if =3, then there are two ways of
constructing lexico-sums of 41, A, 4; in this order, namely, (414(4:+453))
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and ((414A4s)+4s). A subset {a,: yET'} of L is disjoint or the elements a are
disjoint if each ay,>0 and a.MNag=0 for all a7p. In particular, the null set []
is disjoint. In [4] the following theorem is proven.

THEOREM 2.2. Suppose that L contains n disjoint elements ay, - - -, a, but
does not contain n+1 such elements. Let Li={x€L:xNa;j=0 for all j*i}.
Then the [L;] are o-groups and L is a lexico-sum of the [L;].

In Theorem 6.1 we generalize this result to the case where each positive
element of L exceeds at most a finite number of disjoint elements, and we
prove this result without using Theorem 2.2.

CoROLLARY 1. L s a lexico-sum of n ordered subgroups if and only if L con-
tains n disjoint elements but does not contain n+41 such elements.

CoROLLARY I1. Suppose that L contains n disjoint elements but not n+1 such
elements. Then the following are equivalent.

(@) L is a proper lexico-extension of an l-ideal.

(b) For each proper convex subgroup C of L there exists an element a in L+
such that a> C.

Proof. Suppose that L satisfies (b). Then since L is a lexico-sum of a finite
number of o-groups, either L= (I) for some l-ideal I#L or L=A+4B, where
A and B are nonzero l-ideals of L. In the latter case no @ in Lt exceeds 4.
Conversely suppose that I#L is an l-ideal of L and L={(I). If C is a proper
convex subgroup of L, then either CCI or CDI. If CCI, then each a&€L+\I
exceeds C. If CDI, then C/I is a proper convex subgroup of the o-group L/I.
Pick an X in L/I that exceeds every element in C/I, and let c€C. Then
X=I4x>I+c and hence I+x—c>1. It follows that x—¢>0, and hence
x>C.

Note that (a) implies (b) in Corollary II with no restrictions on L, but
that the converse is, in general, not true.

For each a ©L, let L° be the intersection of all convex subgroups of L that
contain a. Thus L¢ is the smallest convex subgroup of L that contains a.

LEMMA 2.1. Let 0<y be an element in L.
(1) L¥ does not contain any element disjoint from y.
(ii) L is ordered if and only if {xEL:0<x=<y} is ordered.

Proof. (i) If 0<a&Lv and yNa=0, then L,= {xEL: xNa=0} is a con-
vex subsemigroup of positive elements that contain 0 and y but not a. For
if 0<z2=ZxEL,, then 0=2Na=<xNa=0 and so 2&L,. Thus L, is convex. See
[2, p. 219] for a proof that L, is a semigroup. By Theorem 2.1, [L,] is convex
and L, is the semigroup of all positive elements of [L,]. Thus [L,]2Lv and
a & [L,], a contradiction.

(ii) Let A={xEL:0<x<y}. Since L¥ is convex it contains 4. Thus if
Lv is ordered, then so is 4. Conversely suppose that 4 is ordered, and let
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P={xELv:x>0}. It suffices to show that P does not contain a pair of dis-
joint elements. Consider ¢, b&P. By (i) eNy>0 and dNy>0. Thus aNy
and by belong to A which is ordered, and so aMNdMy>0. Therefore aMb>0,
and hence L¢ is ordered. We say that L has finite rank if it contains only a
finite number of convex subgroups, and that a lexico-extension L of an I-group
S s of finite rank if L/S has finite rank.

THEOREM 2.3. L has finite rank if and only if L is a lexico-sum of a finite
number of o-groups each of which has finite rank and the lexico-extensions used
in the construction of L are also of finite rank.

Proof. Suppose that L has finite rank m. Assume (by way of contradiction)
that xj, %3 - * +, Xmy1 are disjoint elements in L. Then by Lemma 2.1,
x; & L7 for i7#j. Thus L, - - -, L*»* are distinct convex subgroups of L, a
contradiction. It follows that there exists a positive integer » <m such that
L contains 7 disjoint elements but not #+1 such elements. By Theorem 2.2,
L is a lexico-sum of 7 o-groups 4;, - - -, A.. Each convex subgroup of each
A is also a convex subgroup of L. Therefore each 4, has finite rank. If B and
C are convex subgroups of L and B=(C), then there exists a 1-1 correspond-
ence between the convex subgroups of B/C and the convex subgroups of L
that are contained in B and contain C. Therefore B/C has finite rank.

Conversely suppose that L is a lexico-sum of o-groups 44, - - -, A, each
of which has finite rank and the lexico-extensions used in the construction of
L are also of finite rank. Then L=(X+4Y), where X is a lexico-sum of
Ay, - -+, A,and Yis a lexico-sum of 4,1, - - -, 4, for a suitable ordering of
the subscripts, and L/(X+Y) has finite rank. Now any convex subgroup of
L is contained in X+ ¥ or contains X+ V. By induction X and Y have finite
rank. Therefore X4 Y and hence L has finite rank.

ReEMARKs. This includes as a special case Birkhoff’s result: If the lattice
of l-ideals of a commutative l-group G is finite, then either G=B<4C or G
contains a maximal l-ideal that contains every other proper l-ideal [2,
p. 237]. If L contains only a finite number of l-ideals and L is nonabelian,
then L may contain an infinite number of disjoint elements. For example, let
I be the o-group of integers, and for each i€ I let I;=1,and let N= E,—e[-l-I i
For (+-+, a; +---) in N and j in I define that (- - -, a; - - -)r(j)
=(---,aij - - -). That is, the (:+7)th component is replaced by the ith
component. Let G=1XN and define (3, a) +(j, b) = (i+7, ar(j) +b) and (4, a)
positive if >0 or =0 and a is positive in N. It follows that G=(N) and that
N is the only proper l-ideal of G. But clearly G contains an infinite number of
disjoint eleents. Note that G is finitely generated.

3. Ordered convex subgroups and maximal convex chains.

LemMMA 3.1. If A and B are convex ordered subgroups of L, then ACTB or
ADB or ANB=0.
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Proof. Suppose that APB, AEB and ANB#0. Then there exist 0<
a&EA\B and 0<bEB\A. aNbEANB because 4 and B are convex. If 0<
cEANB, then c<a and ¢ <b because AN B is an ordered convex subgroup of
the o-groups 4 and B. Thus ¢ SaMb. But this means that a/Mb is a maximal
element in the nonzero o-group AMB which is impossible.

COROLLARY. If 0# A is a convex ordered subgroup of L, then there exists a
greatest convex ordered subgroup of L that contains A.

For by our lemma the set of all ordered convex subgroups that contain
A is ordered by inclusion. Hence the join of this set is the desired group. Note
that every chain S of elements of L that contains 0 satisfies

(i1) 0UaES for all aES.
Thus such a chain is convex if and only if it satisfies

(i) e<x<b and a, bES imply that xES.

THEOREM 3.1. If R is a maximal convex chain of L that contains 0, then
R is a convex ordered subgroup of L.

Proof. Let R*={xER: x20} and R-={*ER: x=<0}. Then R=R*UR~-
because R is a chain that contains 0. If 0 <yE&R, then {xEL: 0<x§y} is
ordered, hence by Lemma 2.1, LY is ordered. Thus S=U,ez* LY is a convex
o-subgroup of L and R*C.S, because S is the join of a chain of convex o-
subgroups of L. Similarly, T=U,e_g LY is a convex o-subgroup of L and
R-CT. If Rt=0, then R=T and hence R=0, and if R—=0, then R=.S and
hence R=0. Suppose that R#0. By Lemma 3.1, SCT or TCS or SN\T=0.
If SCT, then R=RYJR-CT, and since R is maximal, R=T. Similarly, if
TCS, then R=3S.

Finally assume that SN\T=0. Then R*N\—R~=0. Pick 0<p&ER* and
0>n&ER-, and let z=n+p. Then n=2z—p<z<—n+z=p. Thus 2ER. If
2C&R*, then 0< —n=p—2=p, and hence —n belongs to R*M—R~=0, a
contradiction. If zER—, then < —z+n= —p <0, hence —pE R~ and p be-
longs to R*M —R~, a contradiction. Therefore SNT 0. It follows that
R=S=T.

CoroOLLARY I (JARUBIK). If R is a maximal chain of L that is convex and
contains 0, then R is a convex ordered subgroup of L.

Jakubik [5] also proves that if R is a maximal chain of L that is convex
and contains 0, then R is a direct summand of L. See Lemma 7.1 in this paper
for a short proof of this result.

CoROLLARY II. Each convex chain C of L that properly contains 0 is con-
tained in a unigue maximal convex ordered subgroup of L, namely, the maximal
convex chain M of L that contains C.

The uniqueness of M follows from the corollary to Lemma 3.1.
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4. Bases for L-groups. An element s of L is basic if 0 < s and
{x€EL:0<x=s} is ordered. Thus by Lemma 2.1, s is basic if and only if
0<s and L is an o-group. A subset S of L is a basis if

(i) S is a maximal set of disjoint elements of L, and

(ii) each s in S is basic.

The null set is a basis for the one element l-group. If 0<s€L and L is an
o-group, then {s} is a basis of L.

LEMMA 4.1. A nonvoid subset S of L is a basis if and only if S is disjoint and
(S\{s})\Ux, v} is not disjoint for any s€ S and x>y in (L\S)\U {s}.

Proof. If S is a basis of L and (S\{s})U {x, y} is disjoint for some s in S
and x>y in (L\S)U {s}, then xN\s>0 and yN\s>0 because S is a maximal
set of disjoint elements. Thus x*Ms and yNs belong to {z€EL:0<z<s}
which is ordered. Therefore

0<2NsNyNs=2NyNs=0Ns=0,

a contradiction. Conversely suppose that S is disjoint and satisfies the condi-
tion in the lemma. If SU{x} is disjoint for some x©L\S, then for any s€ S,
(S\{s}hU{s, x} is disjoint and ssx, a contradiction. If s€S and s is not
basic, then there exist strictly positive elements x and y in L\S such that
xMNy=0, s>x and s>y. Thus (S\{s})U{x, y} is disjoint, a contradiction.
Therefore S is a basis of L.

Theorem 2.2 is a structure theorem for I-groups with finite bases. For the
remainder of this section we assume that S={a,:yET'} is a basis of L.

LEMMA 4.2. If w is an o-permutation of L such that Ow =0, then St is a
basis of L.

Proof. a,mMagmr = (a.MNag)m =07 =0 if a8 and g, >0 for all «ET'. Thus
St is a disjoint set and in fact a maximal disjoint set. Clearly 7 maps basic
elements onto basic elements.

For each v€T let L,={xEL:xNag=0 for all B#vy} and let B,
= {xEL:xNa,=0}. The following seven propositions are proven in [4] for
finite ' and the proofs given there can easily be extended to the case where
T is infinite by using Theorem 2.1 and Lemmas 4.1 and 4.2.

4.1. L, is an ordered convex subsemigroup of positive elements of L.
[L,)={x—y:x, yGL.,} is a convex ordered subgroup of L and L,
={x€[L,]: x=0} =[L,]*.

4.2. Let A be the subsemigroup of L that is generated by the L,. [4]
=2 4+[L,]={a—b:a, b€4}, [A4] is convex and 4 = {xE[4]: x=0]}.

4.3. Pick 0<b,EL, and define H,= {xEL: xNbs=0 for all Bv}. Then
L,=H, for all ¥ and {b.,: 'yel‘} is a basis for L. In particular, if for each
vET we pick a b,EL such that 0<b,=<a,, then {b,: yET} is a basis of L.

4.4. B, is a convex subsemigroup of positive elements of L. Let B” be the
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subsemigroup generated by B, and L,. The [B7]=[L,]+[B,], [B] is con-
vexand B*= {x€ [B7]: x20}. B, does not depend upon the particular choice
of the a, in the L,. {a¢.: €T and as+v} is a basis for [B7].

Let A be a nonvoid subset of T', and let

Ly = {xEL:xﬂa., =0 forall'yEI‘\A}.

4.5. L, is a convex subsemigroup of positive elements of L that contains
D sea+Lsand L, is independent of the particular choice of the a, in the L,.
[LaUUyer-a L) = [La]4+ D ver—a+[L,]. If A is a finite set and 0<a
CLa\ X sea+Ls, then there exist a8 in A such that a > L.+ Ls.

The first example in §8 shows that the last proposition does not hold for
infinite subsets A of T'.

4.6. If T is a basis of L, then TCA. In fact, each t&T belongs to one
L., and each L, contains exactly one t&T. In particular, S and T have the
same cardinality. (This proposition follows from Theorems 5.3 and 5.4 in this
paper.)

4.7. [A] is invariant with respect to l-automorphisms of L. Thus [4]
is an [-ideal of L and L/[A] is an I-group.

Suppose that L is a subgroup of an l-group G and that L is a lattice with
respect to the partial order induced by G. Also suppose that for each 0 <gEG
there exists an x&€ L such that 0 <x=<g. Then the basis S of L is also a basis
for G. Conversely if {g,: 'yEI‘} is a basis of G and if for each y&T' we pick
a by€L such that 0<b,=g,, then by Proposition 4.3, Q= {b.,:'VEI‘} is a
basis for G. It follows that Q is a maximum disjoint subset of L and that each
b, is basic in L. Therefore Q is a basis of L. In particular, let D be the com-
pletion of L by nonvoid cuts (see [2, p. 229] or [1]), and let G be the group
of units of the semigroup D. Then G is an I-group that contains L and satisfies
the above hypotheses.

5. Independent subsets of L-groups. A subset S of L is independent if S
is a disjoint set and each s in S is basic.

LEMMA 5.1. 4 subset S= {a.,: YET'} of L is independent if and only if
0 <a, and L is an o-group for each YET', and [U,cr Lov]= D 4L

Proof. If S satisfies the conditions in the lemma, then by Lemma 2.1 each
a4 is basic. a.MNagE LML because L and L% are convex. Thus if a#,
then e¢.,MNas=0, and so S is independent. Conversely if .S is independent,
then 0<a, and L% is an o-group for each v in T' because each a, is basic.
La«MNLs=0 if a3, for otherwise by Lemma 3.1, L%« C L% or L*C L%, and
hence a.Mas#0. Thus by Theorem 2.1, [Uyer Lov] = X 4L

LeMMA 5.2. Each independent subset of L is contained in a maximal inde-
pendent subset of L. In particular, there exists a maximal independent subset T
of L, and T =[] if and only if L contains no basic elements, that is, if and only if
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every strictly positive element of L is greater than a pair of disjoint elements.

This follows immediately from the fact that the null set [ is an inde-
pendent set and an easy application of Zorn’s lemma.

THEOREM 5.1. L has a basis if and only if L satisfies
(*) each 0 <xEL exceeds at least one basic element.

Every basis of L is a maximal independent set and every maximal independent
subset of L is a basts provided that L has a basis.

Proof. If L=0, then the null set is a basis for L and the theorem is trivial.
Assume that L#0. Let S= {0<a.,:'y€I‘} be a basis for L, and consider
0<x&L. There exists a y&ET such that xMa,>0, for otherwise S is not a
maximal set of disjoint elements. But this means that 0<xMa,<x and
xMNa,E [L,] which by Proposition 4.1 is a convex ordered subgroup of L.
Therefore LM% is ordered and hence xMa, is basic. Thus L satisfies (*), and
clearly S is a maximal independent subset of L.

Conversely suppose that L satisfies (*). By Lemma 5.2 there exists a
maximal independent subset T={0<a,:YET} of L and T#[]. We wish
to show that T is a basis for L. It suffices to show that T is a maximal set of
disjoint elements. Suppose (by way of contradiction) that there exists
0 <x&L such that xMNa,=0 for all y&I'. Then by (*) there exists y&E L such
that 0 <y=x and y is basic. 0 =yMNa, =xMNa,=0. Therefore T\ {y} DT and
TU{y} is an independent subset of L, but this is contrary to our choice of T.

CoROLLARY L. If L has a basis and C is a convex subgroup of L, then C has
a basts.

For if L satisfies (*), then so does C. The first example in §8 shows that
if L has a basis and if C is an /-ideal of L, then L/C need not have a basis.

CoRrOLLARY I1. If L has a basts and T is an independent subset of L, then T
is contained in a basis of L.

For by Lemma 5.2, T is contained in a maximal independent subset S of
L, and by Theorem 5.1, S is a basis for L.
We shall frequently restrict our attention to l-groups that satisfy:

(F) Each 0<a&L is greater than at most a finite number of disjoint elements.
THEOREM 5.2. If L satisfies (F), then L has a basis.

Proof. Assume (by way of contradiction) that 0 <y&L and that no basic
element is contained in {xEL:0<x=<y}. Then {zEL:0<z=<x} is not
ordered for any x <y. But this means that each x <y is greater than a pair of
disjoint elements. Thus we have the following diagram of strictly positive
elements in L,
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7\
_ N N
yu/ Y2 ylln}ﬁz=0
AN
4 Yz ymmym=0
VRN
It follows that y12, Y112, Y1112, * + - is an infinite disjoint set of elements each of

which is less than vy, a contradiction. Therefore y exceeds at least one basic
element, and hence by Theorem 5.1, L has a basis.

CoROLLARY 1. L is a lexico-sum of a finite number of ordered subgroups if
and only if L does not contain an infinite disjoint set.

Proof. If L does not contain an infinite disjoint set, then clearly L satisfies
(F), and hence has a basis. This basis being a disjoint set is necessarily finite.
Therefore by Theorem 2.2, L is a lexico-sum of a finite number of ordered
subgroups. The converse follows immediately from Corollary I of Theorem
2.2,

CoROLLARY II. If 0<a&L is greater than at most a finite number of dis-
joint elements, then L° is a lexico-sum of a finite number of ordered subgroups.

Proof. Suppose (by way of contradiction) that xi, x,, - - - is an infinite
set of disjoint elements of L% Then by Lemma 2.1, x;MN\a 0 for all 4, and if
17#7, then x;MNa = x;MNa because (x;Na) N (x;MNa) =x:;Nx;MNa=0Na=0. Thus
{x;f\a: 1=1,2, - - - } is an infinite set of disjoint elements of L each of which
is less than or equal to a, a contradiction. This corollary now follows from
Corollary 1.

CoroLLARY III. If L satisfies (F), then each L* (0 <a& L) and each convex
subgroup C of L that is bounded from above is a lexico-sum of a finite number of
ordered subgroups.

Proof. If C is a convex subgroup of L, a&L and a>C, then L*DC. But
by Corollary II, L* and hence C has the desired structure.

Let T={a,: YET'} be a maximal independent subset of L. By Lemma
5.1, for each ¥ in I, @,>0 and L is an o-group. Thus by the corollary to
Lemma 3.1, for each a,& T there exists a greatest ordered convex subgroup
A, of L that contains a,. Let M={A4,:yET'} if T[] and let M= {0} if
T=.

THEOREM 5.3. Let G be the subgroup of L that is generated by the A, in M.
Then G= )Y 4A, and G is invariant with respect to all l-automorphisms of L.
M is the set of all maximal ordered convex subgroups of L. In fact, M is the set
of all maximal convex chains in L that contain 0.
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Proof. If T'=[1, then by Lemma 5.2, L contains no basic elements, and
hence by Lemma 2.1, {0} is the only convex ordered subgroup of L. Suppose
that T#[]. If a3, then 4,MNA45=0. Otherwise by Lemma 3.1 4,C4; or
AgCA,, but then a,Nag#=0. Thus by Theorem 2.1, G= Y +44,. Let Q be a
maximal ordered convex chain of L that contains 0. Since L contains basic
elements, Q0. If 9NA, =0 for all yET, then by Theorem 2.1, Q4 >_+4,.
But then T"U{g} is an independent subset for each 0 <gE 4, a contradiction.
Therefore there exists a y&TI' such that 9MA4,#0 and hence by Lemma 3.1
(since Q and A, are maximal)-Q=A,. Therefore M is the set of all maximal
ordered convex chains of L that contains 0. Finally if u is an l-automorphism
of L, then clearly A,7E M for all yET. Thus (D +A4,)r= 2 +A4,.

CorOLLARY 1. If (0% U= {¢;: €A} is a maximal independent subset of
L, then there exists a 1-1 mapping o of A onto T' such that c;E As,.

For each ¢; determines a unique greatest ordered convex chain C; that
contains it and C;=A4, for some y&ET'. Thus a maximal independent set is a
set of strictly positive elements in U, er 4, that contains one and only one
element from each 4,, or the null set if T=[].

CoroLLARY II. If C is an ordered convex subgroup of L and T#[], then
CCA, for some yET.

For by the corollary to Lemma 3.1, C is contained in a maximal convex
subgroup of L.

THEOREM 5.4. If (0% T={a,: YET'} is a maximal independent subset of
L and L has a basis, then T is a basis and hence determines [A]= D 4[L,],
where L, = {xEL: xMag=0 for all B #7} and A is the subsemigroup of L
generated by the L.. Moreover, A,=[L,] for all yET.

Proof. By Theorem 5.1, T is a basis. If x€A7, then xMNa,=0 for all axy
because [Uyer 44]= > 44,. Thus x€L, and hence A} CL,. But this means
that 4,Z[L,] and so 4,=[L,] because 4, is a maximal convex ordered
subgroup of L, and [L,] is a convex ordered subgroup of L (Proposition 4.1).

We shall call [4] the basis group of L. If T=[], then let [4]={0}.
Proposition 4.6 follows at once from Theorems 5.3 and 5.4. In particular, [4]
and the A, are independent of the particular choice of a basis. In fact, if
L0 and L has a basis, then this basis is a subset of U,cr 4, that contains
one and only one element from each A4,. If L=0, then the null set is a basis.

TuEOREM 5.5. If L has a finite basis ay, - - - , an and B is an l-ideal of L,
then L/B has a basis of n or fewer elements.

Proof. If n=1, then L and L/B are o-groups and the theorem is obvious.
Suppose that #>1 and that the theorem is true for all l-groups that contain
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fewer than n disjoint elements. By Theorem 2.2, L=(U+4 V) wherea,, - - -, a,
€U and a,41, - - -, 8sEV and 1=s<n. Let t=n—s. Suppose (by way of
contradiction) that Y;=B+y; are disjoint elements in L/B for i=1, - - -,
n+1; then 0<y;EL\B and y,N\y,EB for i7#].

If there exists a y;EL\(U+4YV), then y;> U<V and hence all the
y:> U< V. Therefore y;N\y; > U4V and y;N\y;& B for 1#j. Thus since U4V
and B are convex, BD U<V and hence L/B is an o-group, which is impos-
sible. Therefore all of the y; belong to U4 V. For each 7, y;=ya+yie=yaUy:,
where y2E U and y,EV.

yiNy;i = (ya\J yi2) N\ (2 Y 352) = (3 N y50) Y (32N 9j2).

Since U, V, and B are convex yaM\yp & UNB and y..MNy;,E VNB, and
hence y:N\y;E(UNB)+(VNB). Since y;&EB, either ya&B or yio&EB. At
most s of the y, do not belong to B, for otherwise U/(UMB) contains more
than s disjoint elements, and this contradicts our induction hypothesis.
Similarly, at most ¢ of the y;» do not belong to B. Therefore at most s+t of
the y; do not belong to B, and hence n=s+4t=n+41, a contradiction. There-
fore L/B has a basis of n or fewer elements.

COROLLARY. If L has a finite basis of n elements and B is an l-ideal of L
that contains the basis group [A], then L/B has a basis of fewer than n elements.

This follows from the proof of Theorem 5.5 except that we let the induc-
tion hypothesis be: U/(UNB), (V/(VMNB)) contain less than s(f) disjoint
elements.

6. Small lexico-sums of o-groups.

LEMMA 6.1. If L=A+4B=C+D, where A, B, C, D are l-ideals of L and
ADC, then BCD. In particular, if L=A+4+B=A+D, then B=D.

Proof. If 0 <bEB, then b=c+d, where 0=cECCA4 and 0=dED. Thus
0=c=b and since B is convex, cEBMNA =0. Therefore B+tCD+* and hence
BCD.

LEMMA 6.2. Let B be a convex subgroup of L and let B*= {xCL*+:xN\B+=0},
where xMB+= {xf\b: bEB"‘}.

(i) B*is a convex subsemigroup of L, [B+\UB*]=B<[B*], and [B*] and
B+ [B*] are convex.

(ii) If B is an l-ideal of L, then so are [B*] and B4[B*].

(iii) If B is a proper lexico-extension of an l-ideal I of B (I=0 being al-
lowed), then Bt+B*= {xEL*’: x does not exceed every element of B } .

Proof. (i) B* is the intersection of the convex subsemigroups L,
= {xE—'_L: xMb =0} , where bE B, and hence B* is a convex subsemigroup of
positive elements that contains 0. Clearly B*\B+=0. Thus by Theorem 2.1
[BUB*]=B+4[B*], and [B*] and B+4[B*] are convex. (ii) Let b €B*,
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x€B* and yEL. Then 0= —y+(xNd)+y=(—y+x+y)N(—y+d+y).
Thus if B is normal, then 0=(—y-+x+y)Nc¢ for all cEB+ and hence [B*]
is an l-ideal. (iii) Clearly no element of B*+4B* exceeds every element of B.
Assume conversely that ¢&€ L* and that ¢ does not exceed every element of B.
Then there exists an element b in B*\It such that c¢%b. 2b=20Nc+u,
c=2bNc+v and uNv=0. Since 0 <« =<2b and B+ is convex, «&S B+, If u& I+,
then > and hence 2b/N\c+u=2b>b+u, and so ¢ =2bMN\c=b, a contradic-
tion. Therefore « €B*\I*. For each x in B*, (xMv)Nu=xMN\(uMNv) =xMN0=0.
Thus since B is a proper lexico-extension of I it follows that xMv=0. There-
fore c=2bNc+vEB*++B*.

We say that an I-group L is a small lexico-sum of o-groups C,, (y&T) if

there exists a finite or infinite sequence C* (n=1, 2, - - - ) of l-ideals of L
such that
i) crcc:C ---,and U2, Ci=L;

(i) C'= X yer+Cy;

(iii) for n>1, C»= D ,er,+C", where each C"is a convex subgroup of L
and either a nontrivial lexico-extension of a finite cardinal sum of two or
more of the components C3~! or else C} is equal to one of the C3~.

Suppose that L is a small lexico-sum of o-groups C} (Y&T'). Then clearly
each positive element of L is greater than at most a finite number of disjoint
elements. Thus by Theorem 5.2, L has a basis, and hence a basis group [4].
It follows immediately that the C} are the maximal convex chains of L, and
hence C'=[A4]. Also it is fairly easy to show that for each positive integer n

(v) (CH*={xEL+:xN\(Ch)*=0 for all B>#a in T, };

(vi) no strictly positive element in L is disjoint to every C};

(vii) (C*)*={xCL+:x3C: for any aET,};

(viii) C* is the greatest l-ideal that satisfies (iii).

In the proof of Theorem 6.1 some of these properties are verified.

THEOREM 6.1. An l-group is a small lexico-sum of o-groups if and only if
L satisfies (F): Each 0 <a &L 1s greater than at most a finite number of disjoint
elements.

Note that Theorem 2.2 is a special case of this theorem. We could make
use of Theorem 2.2 and shorten the following proof slightly, but we prefer
to give an independent proof. As remarked above, if L is a small lexico-sum
of o-groups, then L satisfies (F). We prove the converse. Iz all that follows
assume that L satisfies (F). By Theorem 5.2, L has a basis. Let [4]= ) +4,
be the basis group of L. [4] will serve for C! and the main body of the proof
is concerned with the inductive procedure of getting from C* to C»*!,

Suppose that {B,: YyETI'} is a set of convex subgroups of L that satisfy the
following four conditions.

(a) Each B, is a proper lexico-extension of an l-ideal I, of B,.

(b) B=[Uyer By]= D yer+B, and B is an l-ideal of L.



1961] SOME STRUCTURE THEOREMS FOR LATTICE-ORDERED GROUPS 225

(c) No strictly positive element of L is disjoint from every B,.

(d) Bf ={xEL+:xNB} =0 for all §v in I'} for each y&T.
We next prove that

(e) Bt is the set of all elements of L+ which do not exceed any B,.

Proof. Clearly no element of B* exceeds any B,. Conversely let ¢ be an
element of L+ not exceeding any B,. By Lemma 6.2, c€B} +B? for each
y&ET. Hence ¢=c,+c} with ¢, in B} and ¢}NB} =0. Since L satisfies (F),
¢y >0 for only a finite subset {'yl, -+, va} of T. Since ¢ exceeds the mutually
disjoint elements ¢,,, * * +, ¢y, it exceeds their sum, and hence c=¢,,+ - - -
+¢y,+a with a 20. Since a <¢, aNB} =0 for all v in I‘\{'y‘, <., 'y,,}. From
c=cy;+cy,=¢y+ - - - +c¢y,+a we conclude that a =cJ, (using the fact that
the ¢y; commute with each other) and so aMB,,=0 for t=1, - - ., n. So by
(c), =0 and we conclude that c€B}+ - - - +Bf CB+

Let us call an element d of L+ dominating with respect to {B,: yET} if,
for each v in T, either d>B; or dN\B} =0.

(f) If e€L+\B™, then a=b+d, where bEB* and d is a dominating ele-
ment such that d> B, if and only if ¢ > B,

Proof. By (F), a is disjoint from all but a finite number of the B,. By
(e), @ must exceed at least one B,. Hence there exist two finite disjoint sub-
sets {a,, -, a,,.} and {/31, <., B,.} of I, the former not empty, such that
a>B., (i=1, - -+, m); a» By, and aNBy, =0 (j=1, - - -, n);and aNB} =0
for all other elements vy of I. If {31, s, ,f:?,.} =[], then a itself is dominating
and (f) holds with b=0. Assume that {f, - - -, 8.} #[0J. By Lemma 6.2,
a=b;+b] with b;CBg, and bfN\Bg;=0 (j=1, - - -, n). Let b=b1+ - - - +ba.
Since b, - - -, b, are disjoint and each b;=a, it follows that d6<a. Thus
a=b+d with d=0. Furthermore, d>0 since otherwise ¢ €B+. If aN\B} =0,
then dN\B} =0 because 0 <d=<a. From a=b,+b;=b+d=b1+ - - - +b.+d
it follows that d b} and so dN\Bg,=0 (j=1, - - -, n). If x€B;,, then x<a
=b+d, and since xMNb=0 it follows that x <d. Hence d is a dominating ele-
ment and dominates the same B, as a—namely, B, * + -, Bag,.

Next we define a relation ~ on I' as follows: y~é(y, 6&T') if y=46 or if
¥#6 and

(i) there exists an x in L* such that x> B, and x> B;, and

(i1) for each x in L+, x> B, if and only if x> B,.

Clearly ~ is an equivalence relation, and by (F) each eauivalence class is
a finite subset of I'. Let {au, - - -, @} be an equivalence class with m>1.
Let D’ be the set of all elements d of L* such that d>B,, (4=1, - - -, m) and
dNB,=0 for all other v in I. D’5[], for by the definition of ~, it follows
that there exists an x in L* such that x> B,, (i=1, - - -, m) and x$ B, for
all other ¥ in T', and by (f), x=b+d, where bEB* and d&D’. Clearly D’ is a
convex subsemigroup of L+,

Let B'=B}+ - -+ +B}, and let D=B'UD'. Since B'+D'CD’ and
D'+B’'CD’, D is a subsemigroup of L* that contains zero. Suppose that
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u<x<v for u, vED. We wish to show that x&D. This is clear if vEB’. If
vED’, then xN\BI =0 for all y in T except o, * - + , @m. If x> B,, for some 1,
then xE€D’. Suppose that x&D’. Then x$ B, for 2=1, - - -, m, and hence
x » B, for all y € T. Therefore by (e), x € B+ and since x N\ B} = 0 for all
'yEP\{al, < a,,.}, it follows that x& B’. Therefore D is a convex subsemi-
group of L+ that contains 0. By Theorem 2.1, [D]= {a—b: a, bED}. Let
bEBY, b.EBY, and dED’. Since biNb.=0, d+by—dNd+b,—d=0. Thus
d+b,—dEB’ and it follows that [B’] is normal in [D]. Therefore [D] is a
convex subgroup of L which is a nontrivial lexico-extension of [B’].

The foregoing applies to each equivalence class containing more than one
element. For an equivalence class consisting of one element v of T it follows
from (d) (and this is the first use made of (d)) that D’ =[]. In which case we
take [D] to be B,. Now construct the subgroups one to each equivalence class
mod ~, as described above and denote them by {Dy:A€A}.

PROPOSITION 6.1. {Dy: NEA} also has the properties (a), (b), (c) and (d)
and, for each \ in A, either D, is a nontrivial lexico-extension of a finite cardinal
sum of the B, or else D) is equal to one of the B,.

Proof. (a) has already been established. As for (b) it is clear that if
A#puin A, then D,'ff\D:’ =0, and so by Theorem 2.1, the group D that is gen-
erated by all the D, is the small cardinal sum of the D). Now by (b), x+B—x
=B for all x in L. Since each B, is a nontrivial lexico-extension, it is cardinally
indecomposable, and the representation of B as a small cardinal sum of
cardinally indecomposable convex subgroups is unique [2, p. 222]. It follows
that x+B,—x=B, for some a €T

Suppose that Dyisa lexico-extension of B,,, * * -, Ba,, where {al, cee ,a,,.}
is an equivalence class mod ~. Let Bg,=x+B,;—x. Then {81, - - -, Bn} is
an equivalence class, and x4 D\—x is easily seen to be the lexico-extension
D, of Bg,+ - - - +Bjg, constructed above. Thus the inner automorphisms
just permute the components Dy of D and so D is an l-ideal. Therefore
{Dr:NEA} satisfies (b).

(c) If 0<aEL, then aNB,#0 for some 7y in T, since {B,: 'yEI‘} satisfies
(c). Thus aNb,#=0 for some 0<b,EB,. But B,CD, for some A\, and hence
{Dr: NEA] satisfies (c).

(d) Let NEA and let a be an element of L* which is disjoint from every
D with us%\. Let D, be the lexico-extension of Ba,4 - - - +Ba, constructed
above, {ay, - - -, a,,,} being an equivalence class mod ~. If a&B, then
aEB.,+ - - - +B.,CSDy because a is disjoint from every D, with u#N\,
hence from every B, with vy not in {ai, - - -, am}. If a &B, then by (f),
a=b+d with b&E B+ and d a dominating element. But d is disjoint from every
B, with v not in {al, cee am}. Thus it is clear that d must dominate
B., -+ -, Ba,: thus dED, and so aED,.
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Therefore the induction procedure for constructing C**! from C» is now
clear, and all that remains is to show that U2, C»=L. Suppose (by way of
contradiction) that d€L+t\U;%, C*, and that d has a minimal length m in the
following sense. There exists a positive integer m such that d is disjoint
from all but m of the components Cy of C*, and for no other d in LH\U;2, C*
or choice of 7 can this number m be reduced. It follows from (d) that m>1.
Write B for C* and let B, * - -, Ba, be the m components C) of B from
which d is not disjoint. By (f) and the minimality of m, it follows that d is a
dominating element and that it dominates Ba,, - - -, Ba,. If two distinct a;
were equivalent, then d would be disjoint from all but » <m of the subgroups
C»*1) contrary to the minimality of m. Hence all the a; are inequivalent and
there exists a ¢&L* such that ¢> B,; for some 4 and ¢} B,,; for some j#1.
We may assume (using (e) and (f)) that ¢>B,, and ¢N\B,;=0. Thus ¢"\d
> B.,, (¢Nd)NB,,;=0, and (¢Nd)NC=0 for all y not in {ay, - - -, an}, but
this contradicts the minimality of m. Therefore U2, C=L, and at long last
this completes the proof of Theorem 6.1.

Another way to prove Theorem 6.1 is by use of the following lemma (the
proof of which is quite short).

LEMMA 6.3. Suppose that L satisfies (F) and that B is an l-ideal of L that
contains the basis group [A)] of L. The L/B satisfies (F), and hence L/B has a
basis. Moreover, either L =B or there exists an l-ideal C of L such that C2B and
C/B is the basis group of L/B.

Using this lemma we can construct a chain
[A] = ArC 42C 4 C - --

of l-ideals of L such that L/A" satisfies (F) and A"*!/A" is the basis group of
L/A", Then by arguments similar to those used in the given proof of Theorem
6.1 one shows that Uy., A»=L and that the A" satisfy the definition for a
small lexico-sum. Proposition (f) is the key to the given proof, and the fact
that L/B satisfies (F) is the key to the alternate proof. The next theorem
shows that each J-group with a basis contains a greatest l-ideal that satisfies
(F). The structure of this ideal is then given by Theorem 6.1.

THEOREM 6.2. Suppose that L has a basis and let F= {Oé xEL: x exceeds
at most a finite number of disjoint elements}. Then [F| is an l-ideal of L that
contains the basis group [A]= D +A, of L and [F] satisfies condition (F).
Thus [F] is a small lexico-sum of the A.. If T is any other convex subgroup of L
that satisfies (F), then TC[F). If 0<a&L\[F), then there exist an infinite
number of yET such that a>a. for some 0 <a,&EA4,.

Proof. Clearly FO Y +A} and F is convex. Consider x, yEF. xN\A}
=9MNAT =0 for all but a finite number of . Therefore (x+73) NAT =0 for all
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but a finite number of v. It follows from Lemma 2.1 that (L=+)*NA} =0 for
all but a finite number of v, and so L*** has a finite basis. Thus x+y is greater
than at most a finite number of disjoint elements in L**¥ and hence in L.
Therefore F is a convex subsemigroup of L and clearly F is normal. It follows
from Theorem 2.1 that [F]={a—b:a, bCF} and that [F] is an l-ideal of L
that contains [4] and satisfies (F). If 0<eEL\[F] and aNA} =0 for all
but a finite number % of the v, then it follows that @ is greater than at most n
disjoint elements, and hence a ©F, a contradiction. Therefore aMNA} 0 for
an infinite number of 7.

The interval topology of L is defined by taking as a sub-basis for the closed
sets all closed infinite intervals [a, © ] and [— «, a]. Birkhoff [2] has asked
the question: Is L a topological group in its interval topology? Northam [6]
has shown that the answer is no for the /-group in Example I of §10, and Choe
[3] has shown that the answer is no for any noncyclic I-group that satisfies
the chain condition (see the corollary to Theorem 7.2). We shall show that
the answer is no for all nonordered I-groups that satisfy (F). Note that if L
is ordered, then the open intervals a £x < b are open sets in the interval topol-
ogy, and it follows that L is a topological group.

LEMMA 6.4. The tnterval topology of L is Hausdor(f if and only if given any
two distinct points a and b there is a covering of L by means of a finite number
of closed infinite intervals such that no interval in this covering contains both
a and b.

This follows immediately from the definitions of a Hausdorff space and a
sub-basis (or see [6, Proposition 1]).

CoROLLARY. If L is Hausdorff in its interval topology, then

*) L=0(-»,a]U[a, =)

for some finite subset ay, - - -, @ of L.

LEMMA 6.5. If L=A,4A,, where A, and A, are nonzero o-groups, then L
does not satisfy (*) and hence L is not a topological group in its interval topology.

Proof. Suppose (by way of contradiction) that L is a topological group in
its interval topology. Then since the interval topology is T and a topological
group is regular, L is Hausdorff. Thus there exists a finite subset 4 =a,, - - -,
a, of L that satisfies (*). a;=(aa, @.2), where ¢,E A4, and a4, for
i=1, « -+, n. We may assume without loss of generality that g, is the element
with smallest second coordinate in the subset of all elements in 4 with largest
first coordinate, and that a; is the element with the largest first coordinate in
the subset of all elements in 4 with the smallest second coordinate. Then we
have the following “picture” of L.
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It follows that the elements in B are not contained in

U ([-x, ] [a;, »]), a contradiction.
=1
THEOREM 6.3. If L satisfies (F), then L is a topological group in 1its interval
topology if and only if L is ordered.

Proof. By the above remarks each o-group is a topological group in its
interval topology. Suppose that L satisfies (F) and L is not ordered. It follows
from our structure Theorem 6.1 that L contains a convex subgroup of the
form A,4 A4, that satisfies

(i) A, and A, are maximal ordered convex subgroups, and

(ii) x> A4, if and only if x> A4, for all xE L.

Choose a=(0, 0) and b= (ai, as) in A;4A4:, where a;>0 and a,>0. Assume
(by way of contradiction) that L is a topological group in its interval topol-
ogy. By Lemma 6.4 we have by, - - -, b, €1, - -+, ¢n in L such that

NS

and none of these infinite closed intervals contain both ¢ and b. Let

B;=[—0,b]N (414 42) = [+ € A1+ A x S b},
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Ay(b) = {x E Ari:x+ y < b; for some y € A},
A2(b) = {ye As: x4+ y < b; for some x € A,}

for i=1, - - -, m. If A,(b;)=A,, then by the structure of L it follows that
b;>A; and hence by (ii) b;> 4144, But then [— «, b;] contains both a
and b, a contradiction. Thus if B;# ], then 4:(b;) and 4,(b;) are proper lower
segments of 4; and A respectively. Pick b4 S A4:\41(b;) and b,,EA,\A42(b;).
Then [— ©, biy+b:]N(41+4:) DB.. Dually, for each C;= [c;, |\ (41445),
there exist ca€© 41 and cxE4; such that [ca+tci, ©]N(41+45)2C.. But

A1+ Az= ( G B,)U(G C.)
fe=1 tm=]

It follows that A4 A4 satisfies condition (*) in the corollary to Lemma 6.4,
but this is impossible by Lemma 6.5. Therefore L is not a topological group
in its interval topology.

The problem now is to find an example of a nonordered /-group that is a
topological group in its interval topology.

7. Ordered convex subgroups of L that are not bounded from above.
Clearly an ordered convex subgroup of L that is not bounded from above is
also not bounded from below. Let {A4;: 3€A} be the set of all ordered convex
subgroups of L each of which is not bounded from above. Each 4; is a convex
maximal chain of elements in L, and conversely by Theorem 3.1, each maxi-
mal chain of L that is convex and contains 0 is one of the 4;.

LEMMA 7.1. For each 6EA, L=A;4A°%, where A® is the subgroup of L that
is gemerated by {x€L+: xNAF =0}. A? is uniquely determined by As.

Proof. By Lemma 6.2, LDA;4A% Pick 0<a&L. a}>A;. Thus either
aC A% or there exists 0 <cEA4; such that 0<aMNc<c. In the latter case
a=aMNc+a’, c=aMNc+c’ and a’Nc’=0. Thus a=a’ mod 4; and ¢’ EA4°.
Therefore aEA;+ A% and hence A =A4;4A°. It follows from Lemma 6.1 that
A? is uniquely determined by 4.

Now let D=M;ca A*. Then since A%+ = {xEL+:xNAF =0},

D={xE€ L 2N 4, = 0forall éin A}.

[D]=Nsca A% For Njea A% is a convex subgroup of L that contains D, and
hence [D]CNA%. If x€NA?, then x=a—b, where a and b are positive ele-
ments in NA?%. Thus a, 5€D =NA%*, and hence x=a —b belongs to [D].

Let D*={x&L+:xN\D=0}. Then [D*]2 Y sca+4s, and by Lemma 6.2

L2 [D*] + [D].
Consider x& [D*] and 8€A. x=x;+x% with x;&4; and x*E 48, Define that

xo-:(...’xs’ .)
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LEMMA 7.2. ¢ is an l-isomorphism of [D*] onto a sublattice of the large
cardinal sum V of the As that contains the small cardinal sum U of the As.

Proof. Clearly ¢ is a group homomorphism of [D*] into V. If x& [D*]
and xo =0 (the zero of V), then x;=0 for all §€A, and hence x&NA4¢=[D].
Thus x€ [D*]N\[D]=0 and so ¢ is an isomorphism. If 0<xE&A; and
d#£yEA, then x=x,4x7=x,Ux” with x,E4, and x"EA". Thus x,=xNx,
€4;NA4,=0, and (x0),=x,=0 and (x¢);==x. It follows that [D*]eDU. To
prove that [D*]o is a sublattice of V it suffices to show that x"\J§& [D*]s

for all ' in [D*]e [2, p. 215). ¥ U =x0J0 = (- -, 2 ---)U0O
=(---,x\J0, - -), where x=x'¢"1 For each §€A, x=x;+x% and x\J0
= (x3\J0) + (x®"J0). Therefore (x\J0)o=("- -+, x\J0, - - - )=x0\J0. Since

(x\J0)e =xa\U0 for all x& [D*], it follows that o and 6! preserve order.

COROLLARY. For each 8 in A pick an ay(0<a;E4;). Then {as: SCA} isa
basis for [D*].

For clearly the set of all (0, - - -, 0, a4 0, -+, 0) is a basis for ¥V and
hence for [D*]o.

THEOREM 7.1. If L satisfies (F) or if A is finite, then

L=(E+Aa)+[D].

sea

Proof. If A is finite, then the conclusion is an immediate consequence of
Lemma 7.1, and if L satisfies (F), then the conclusion follows from Theorem
6.1.

CoRrOLLARY. L is a small cardinal sum of o-groups if and only if L satisfies
(F) and no maximal convex ordered subgroup of L is bounded from above.

Proof. If L satisfies the last two conditions, then [D]=0, and hence
L= Y 4A4; Thus in this case L coincides with its basis group. The converse
is obvious.

If A4 is an l-group, then we say that 4 can be embedded in a large cardinal
sum V of o-groups Vs (6&A) if 4 is l-isomorphic to a sublattice of V that con-
tains the small cardinal sum U of the V. For example, Lemma 7.2 states that
[D*] can be embedded in the large cardinal sum of the o-groups A;. Actually,
if the image S of A contains the small direct sum of the Vs and S is a lattice
with respect to the induced partial order, then S is necessarily a sublattice
of V.

THEOREM 7.2. The following are equivalent.

(i) L has a basis and no maximal convex ordered subgroup of L is bounded
from above.

(ii) L can be embedded in a large cardinal sum of o-groups.
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Proof. If L satisfies (i), then D=0 and hence [D*]=L. Thus by Lemma
7.2, L satisfies (ii). The converse is obvious.

COROLLARY. If L satisfies the chain condition
(C) every nonvoid subset of L* contains a minimal element,
then L= Y 4C,, where the C, are infinite cyclic groups.

Proof. If 0<x&L, then there exists a y&L such that 0<y=<x and y
covers 0. Thus y is basic, and hence by Theorem 5.1, L has a basis. Let
[4]=X_+A4, be the basis group of L. The only ordered group that satisfies
(C) is the infinite cyclic group. Thus the 4, are infinite cyclic groups. Since L
satisfies (C), the 4, are not bounded from above. Thus L satisfies condition
(i) of our theorem, and (C) assures that L is the small direct sum »_44,.
This well known result is also an immediate consequence of Theorem 6.1.

L is Archimedean if for all a, b in L

na < bforn =1,2, - -implies that ¢ < 0.

It is well known that an Archimedean o-group is o-isomorphic to a subgroup
of the (naturally ordered) additive group R of real numbers.

THEOREM 7.3. The following are equivalent.

(1) L is Archimedean and has a basts.

(i1) L can be embedded in a large cardinal sum of subgroups of R. In par-
ticular, L is a small cardinal sum of Archimedean o-groups if and only if L 1s
Archimedean and satisfies (F).

Proof. Suppose that L satisfies (i) and let [4]= D>_44, be the basis
group of L. It follows that the 4, are Archimedean o-groups. Clearly the 4,
are not bounded from above. Thus (ii) follows from Theorem 7.2. The con-
verse is obvious and the last statement follows from the corollary to Theo-
rem 7.1.

CoROLLARY 1. Suppose that L is o-complete and has a basis. Let [A]
= Y 4A, be the basis group of L. Then each A, is o-isomorphic to R or to the
group I of integers, and L can be embedded into the large cardinal sum of the A.,.
In particular, L is a small cardinal sum of o-groups each of which is o-isomor-
phic to R or to I if and only if L is a-complete and L satisfies (F).

Proof. L is Archimedean and the 4, are g-complete o-groups. Thus each
A, is o-isomorphic to R or to I.

COROLLARY 1I. Suppose that L 1s complete and has a basis. Then L is I-
isomorphic to the large cardinal sum of the A, if and only if every basis of L has
an upper bound.

Proof. Suppose that every basis of L hasan upper bound. Let S= {a,:yET'}
be a basis for L and let T= {d,: yEI'}, where for each v in I' either d,=0 or
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d,=a,. Then T has an upper bound, and hence a least upper bound ¢ in L.
Let ¢ be the /-isomorphism given in Lemma 7.2. Thus ¢ is an embedding of
L into the large cardinal sum V of the 4,. go=(- - -, ¢y, - - - ) and ¢,=d,,
for otherwise ¢ is not a least upper bound for 7. Thus L¢ contains all the posi-
tive elements of V and hence Lo = V. The converse is obvious.

Example of an abelian l-group L with a basis such that L [D*]4[D]. Let
I, be the group of integers (¢=1, 2, - - ) and U(V) be the small (large)
cardinal sum of the I;. Let W=P &(Q, where P=_Q =integers, and (p, ¢) EP
+Q is positive if ¢>0 or ¢=0 and »>0. Finally let L be the subgroup of
V4 W that is generated by U, P and the element ((1, 1, 1, - - - ), (0, 1)).
Then it is easy to show that L is a sublattice of V4W, that [D]=P and that
[D*]=U.

Example of an Archimedean l-group L such that L= [D*]4[D]. Let U and
V be the same as in the last example, and let W be the l-group of all con-
tinuous real valued functions defined on the closed unit interval (see Exam-
ple I, §10). Let W’'= {fEW:f(1/2) =0}. Let L be the subgroup of V4 W that
is generated by U, W’ and the element ((1, 1, 1, - - - ), g), where g(x) =1 for
all x in [0, 1]. Then [W'U{g}]={fEW:f(1/2) =an integer} and this is a
sublattice of W. It is easy to show that L is a sublattice of V4W, that
[D]=W’ and that [D*]="U.

8. Attempts to generalize Theorem 6.1. What is needed is a structure
theorem for l-groups with a basis. The proof of Theorem 6.1 depends upon
the fact that if L satisfies (F), then so does L/[4], where [4] is the basis
group of L. In particular, L/[4] has a basis. The following example shows
that if L has a basis, then L/[A4] need not have a basis.

For each positive integer n let I, be the group of integers, and let U(V)
be the small (large) cardinal sum of the I,. (1,0,0, - - - ), (0,1,0, - - - ), - - -
is a basis for V and U is the basis group of V. It is easy to show that each
positive element in G= V/U is greater than two disjoint elements, and hence
G does not have a basis. In fact, G has no convex ordered subgroup except
the zero subgroup. Forexample (1,1,1, - - -)+ Uisgreater than (1,0,1,0, - - )
+U and (0, 1, 0, 1,-:)4U. Moreover (1, 1, 1, )YEV\U, but
(1,1, 1, - - -) is not greater than

An = {(1, %2, - -+ ) € Vix; = 0forall i # n}.

This shows that the hypothesis in Proposition 4.5 cannot be removed.
Let S={a,:YET} be a basis for L and let [4]= Y 44, be the basis
group of L. Define that

H= {x+L+:x]> A, for each y € I‘}
= {x € L+:foreachy € T thereexists0 < ¢ € 4, for whichaN¢ < ¢}.

LemMma 8.1. H is a convex subsemigroup of L that contains [A|+. H is
invariant with respect to the l-automorphisms of L.
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Proof. If 0 <y<x and xE€ H, then for each v in T', there exists a strictly
positive element ¢ in 4, such that yN\c¢=xMc <c. Therefore y& H and hence
H is convex. Consider x, y& H. There exist strictly positive elements ¢ and b
in 4, such that xMNa<ae and yNb<b. Let d=a+b. Then xNd=xMNa and
yNd=yNb, and hence (x+y)Nd= (xNd)+(yNd) =(xNa)+(yMNb) <a+b
=d. Therefore x+yE H, and hence H is a semigroup. Clearly HD[4 ]*.

Finally let = be an l-automorphism of L. We wish to show that HrCH.
Consider 0 <AEH. For each v in I' there exists a strictly positive element
hy in A, such that kN\hy<h. Thus kxN\h,ao Zh,m. Now 7 permutes the A7
(see Theorem 5.3). Thus there is one and only one k,7 in each A4,. Therefore
hrE€H.

THEOREM 8.1. [H] is an l-ideal of L and [H] can be embedded in the large
cardinal sum of the o-groups A,.

Proof. Since H is a convex subsemigroup of L+ that contains 0, [H]
= {a—b: a, bEH} and [H] is a convex subgroup of L (by Theorem 2.1). By
Lemma 8.1, H is normal and hence [H] is an l-ideal of L. The 4, are the
maximal convex o-subgroups of [H] and none is bounded from above in [H].
Thus the last part of the theorem is an immediate consequence of Theorem
7.2,

Note that if 0<a&€L\[H], then a>A, for some v in I'. If L/[H] has a
basis, then we can continue this process. Unfortunately, the next example
shows that L/[H] need not have a basis.

Let S be the set of all finite sequences of 1's and 2’s each of which starts
with a 1. Partially order S as in the following diagram.

Let N be the trivially ordered set of all positive integers greater than or equal
to 3. Let T=SUN. We extend the partial orders of S and N to a partial
ordering of T as follows

1>3,4,5---
11>3,57---
12> 4,6,8, - - -
111> 3,7, 11, « - -
112 > 5,9,13, - - -
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For example 1121>d,, d;, ds, - - -, where the sequence {d;} is obtained from
3,4,5 - by
1st taking the odd terms of 3, 4, 5, - - - to get a sequence {a;}.

2nd taking the odd terms of {a:} to get a sequence {b;}.

3rd taking the even terms of {b;} to get a sequence {c;}.

4th taking the odd terms of {c:} to get the sequence {d;}.
For eachtin T let F, be the group of integers, and let L be the large direct sum
of the I,. Foreacha=(- - -,a - - -)in L let F, be the set of all the nonzero
components a; of @ each of which has a subscript ¢ that is maximal with re-
spect to the set of all subscripts of the nonzero components of a. Define that
a is positive if each element in F, is positive. It follows that L is an I-group
with a basis, and that the basis group of L is the small direct sum of the
I, (nEN). [H] is the large direct sum of the I, (n€N), and L/[H] is I-
isomorphic to the large direct sum B of the I, (s€S). B has no basis. In fact,
B has no convex ordered subgroups except {0}

9. The subgroup of L that is generated by the nonunits. We shall call an
element % in L a nonunit if #>0 and My =0 for some 0 <v&L (in Birkhoff’s
terminology # is not a weak unit).

LeMMA 9.1. Let H be an l-ideal of L. Then the following are equivalent.

(1) L=(H).

(2) H contains all the nonunits of L.

(3) Each nonzero coset in L/H consists entirely of positive elements or en-
tirely of negative elements.

Proof. Suppose that L= (H), and assume (by way of contradiction) that
a nonunit a¢ belongs to L\H. Then there exists 0 <b& L such that aN\b=0.
If b€ H, then a>b, a contradiction. If 9&L\H, then H= H+ (aN\b) = (H+a)
M(H+Db), but this is impossible because L/H is ordered. Therefore (1) im-
plies (2). Next assume that (2) is satisfied, and let 4 be a nonzero element in
L/H. Then A=a+H, where a€EL\H. a=at—a~, where at=a\J0, a—
= —a\J0= —(aM0) and a*Ma~=0. If a* and a~ are both nonzero, then they
are both nonunits, and hence a € H. Thus either at=0 or a—=0, and hence
either a <0 or a>0. Therefore each element in 4 is either positive or nega-
tive, and since the natural homomorphism of L onto L/H preserves order,
(3) is satisfied. Finally suppose that (3) is satisfied. Then clearly L/H is an
o-group. Consider 0 <a&L\H. Since each element in a+H is positive, it
follows that a exceeds every element in H. Therefore L= (H).

LEMMA 9.2. Let N be the set of all nonunaits of L.
(1) N s a normal subset of L.

(2) NU{0} 4s a convex subset of L.

(3) The subgroup [N\J{0}] of L is an l-ideal of L.

Proof. (1) If aEN, then aMNb=0 for some b>0. Thus for each ¢cEL,
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0=c+(aMb) —c=c+a—cNc+b—c, and hence c+a—cEN. (2) Suppose that
0<x<n, where nE&N. Then there exists 0 <bE& L such that 0<xNb=<nNb
=0, Therefore x& N, and hence NU{O} is convex. (3) Let S be the subsemi-
group of L that is generated by N\U{0}, and suppose that 0 <c <a, where
acS. Then a=a;+ - - - +a,, where the a; belong to N, and [2, p. 245]
c=ca+ -+ +ca, where 0=¢;Za; for 1=1, - - -, n. Thus the c.-ENU{O}
and hence ¢&©S. Therefore S is a convex subsemigroup of L that contains 0.
By Theoren 2.1, [NU{0}]=[S]={a—b:a, b&S} and [S]+=S. But since
N is normal it follows that S is normal and hence [S] is normal. Therefore
[NU{0}]is an l-ideal of L.

THEOREM 9.1. Let N be the set of all nonunits of L. Then [N] is an l-ideal
of L, N is the set of all nonunits of [N], and L={[N]). [N] is not a proper
lexico-extension of an l-ideal.

Proof. Clearly [N]=[NU{0}]. [N]is an l-ideal by Lemma 9.2. Let N’
be the set of all nonunits of [N]. Clearly N'CN. If a€N, then a>0 and
aMb=0 for some 0 <b&EL. Thus bE N, and hence aEN’. Therefore N'=N.
L={[N]) by Lemma 9.1. Finally suppose that [N]=(I) for some l-ideal I of
[N]. Then by Lemma 9.1, IDN’= N, and hence I=[N].

10. L-groups that have no basis. We first give some other examples of
I-groups without bases besides the two quotient groups given in §8.

I. Let L be the additive group of all continuous real valued functions
defined on the closed unit interval [0, 1]. Let L+= {fE&L:f(x) =0 for all
x€ [0, 1]}. Then L is an Archimedean I-group. There is a 1-1 correspondence
between the closed subsets X of [0, 1] and the convex subgroups G of L such
that G corresponds to X if and only if

X ={xe€[0,1]: g(x) = 0forall g € G},
and
G={g€ L:g(x) =0forall x € X}.

It follows that L is cardinally indecomposable. For if L=G+F, then [0, 1]
=XUY, where X and Y are disjoint closed sets.

L does not contain any nonzero ordered convex subgroups. For if C is such
a subgroup, then since L is Archimedean, C is not bounded from above. Thus
by Lemma 7.1, L=C+D, which is impossible. In particular, the null set is
the only independent subset of L.

L is generated by its set N of nonunits. For let k be the function which is
identically equal to 1 on [0, 1]. Then 2=f+g, where f and g are given by the
diagrams on the following page. Clearly f and g are nonunits. Thus A€ [N]
and by Lemma 9.2, [N] is convex. Therefore [N]=L.

II. Let L be the set of order preserving permutations of [0, 1] with
resultant multiplication. Let L*+= {f&L: f(x) =« for all x in [0, 1]}.
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[1I. A cardinal sum of Il-groups, one of which has no basis, has no basis.

IV. A lexico-extension of an /-group with no basis has no basis.

Note that III and IV are immediate consequence of Corollary I of Theo-
rem 5.1. For the remainder of this section we shall assume that L does not have
a basis. Let {A,: 'yEI‘} be the set of all maximal convex ordered subgroups
of L. In each 4, pick a strictly positive element a,. Then T'= {a.,: 'y(—'_'I‘} is
a maximal independent subset of L.

By Theorem 5.1 there exists a strictly positive element x in L such that
Lv is not an o-group for all 0=y =x. That is, x does not exceed any basis ele-
ment. In particular, xMNa, =0 for all ¥ in I'. For if xMa,>0, then 0 <xNa,<x
and L*M% is an o-group. Note also that if d\a,=0, then bN\¢=0 for all
¢EAT. For bN\¢ is an element in the o-group 4, and if b\¢>0, then 0<a,
NbdNc=0MNc=0. Let

B={xE L:xNay,=0forallyin I}

+
= {xEL:xﬁ(Z-I—A.,) = 0}.
Y€T
LEMMA 10.1. 0#B = {xEL+: x does not exceed any basic element of L].
[B] is an I-ideal of L that contains no convex o-subgroups except {0 }, and every
other l-ideal of L with this property is contained in [B].

Proof. Let C={xCL+*:x does not exceed any basic element of L}. We
have shown that BDC# {0} Suppose (by way of contradiction) that
xEB\C. Then there exists an element y in L such that 0<y=<x and LV is
ordered. By Lemma 3.1, Lv\A,=0or LCA4, or A, LY for each v in T, If
A,CLvor LVCA,, then 0<a,Ny=a,Nx=0. Thus LvNA4,=0 for all yET,
and hence T\U{y} is an independent subset of L, but this contradicts the
maximality of T. Therefore B=C.

By Theorem 5.3, > ,er4A4, is an l-ideal of L. Thus by Lemma 6.2, [B]
is an l-ideal of L. Since B contains no basic elements, [B] contains no convex
o-subgroups except {O} Finally let D be a nonzero convex subgroup of L
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that contains no convex o-subgroups except {0}. Consider 0<d€ED. If
dNa,>0, then dN\a,EDNA, and DA, is a nonzero convex o-subgroup of
D. Therefore dNa,=0 for all v in T', and hence dEB. Thus DC [B].

Let B*={x&L+: xNB+=0}. Then clearly [B*]2 > +4,.

THEOREM 10.1. [B*UB*]=[B]4[B*] and [B]4[B*] is an l-ideal of L
that is independent of the particular choice of T. T is a basis for [B*].

Proof. The first part follows from the fact that [B] is an Il-ideal and
Lemma 6.2. [B*] has a basis, for otherwise by Theorem 5.1 there exists a
strictly positive element x in B* that does not exceed a basic element, and
hence by Lemma 10.1, x&€BNB*=0. T is a maximum independent subset
of [B*] and hence by Theorem 5.1, T is a basis of [B*].

Note that if [B*]=0, then L= [B]. Thus L has no basic elements. Sup-
pose that [B*]#0. Let N be the set of nonunits of L. Then clearly [B]
+[B*]S[N]ZSL and by Theorem 9.1, L=([N]). The problem then is to
find conditions on L so that [N]= [B]4[B*]. The following example shows
that this need not always hold. Let U be a small cardinal sum of o-groups and
let V=W be the group of all continuous real valued functions on [0, 1]
(Example I in §8). Let L=(U+ V)4 W, where the indicated lexico-extension
is nontrivial. Then [B*]=U, B=V+4W and [N]=L.

As in Theorem 6.2 let F= {xE&L+: x exceeds at most a finite number of
disjoint elements}, and consider fEF. If there exists 0 <b&EB such that
fNb>0, then f=fMb and hence fNbE FNB. But by Corollary II of Theorem
5.2, fN\b exceeds a basic element and by Lemma 10.1, it does not. Thus
fNb=0 and hence FCB*. Since 44, is the basis group for [B*], it fol-
lows as in Theorem 6.2 that [F] is an l-ideal of [B*] and a small lexico-sum
of the 4,.

11. Commutative L-groups. Throughout this section we shall assume that
L is a commutative l-group. In particular, L is torsion free. Therefore there
exists a unique (to within an isomorphism) d-closure D of L. Thatis, D is a
torsion free divisible (nD =D for all n>0) abelian group, DL, and for each
d in D there exists a positive integer # such that nd € L. D is a rational vector
space, and there is a unique way of extending the partial order of L to a par-
tial order of D so that D is an l-group and L is a sublattice of D. Simply let
{xED:nx20in L for some n>0} be the set of positive elements of D. In
particular, if L is an o-group, then so is D. As an example, if L satisfies the
chain conditions (see the corollary to Theorem 7.2), then D is a small cardinal
sum of isomorphic copies of the additive group of rational numbers.

For each subgroup B of L, let

B = {x € D: nx € B for some positive integer n}.

Then B is the d-closure of B in D. The mapping B—B is a mapping of the
set of all subgroups of L onto the set of all divisible subgroups of D that
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induces a 1-1 mapping of the set of all convex subgroups of L onto the set
of all convex subgroups of D. In particular, each convex subgroup of D is
divisible.

ProrosiTiON 11.1. If B and C are convex subgroups of L and if L=B®C,
then D =B+4C.

Proof. If x&BNC, then nx&€BNC=0 for some #>0. Thus x=0, and
[BUC]=B@®C. But since B and C are convex B&C = B+C by Corollary I
of Theorem 2.1. If x€D, then nx&L=B & C for some n>0. Thus nx=>5b-+c
=nb+né=n(b+¢), where bEB, c¢cC, b&B and ¢&C. Thus since D is tor-
sion free, x=b+¢EB+4C, and hence D=B+4C.

PROPOSITION 11.2. If L= (B) for some convex subgroup B of L, then D = (B).
Moreover, D=B®Q, where Q is an o-subgroup of D and an element b+q with
bE B and ¢S Q is positive if and only if g>00r ¢=0and b=0. Q is o-isomorphic
to the d-closure of the o-group L/B.

Proof. Consider 0 <x&D\B and y&E B. There exists a positive integer n
such that nx€L\B and nyE€ B. Thus since L=(B), nx>ny and hence x> .
Thus if B0, then D= (B) (see [4, Lemma 1.1]). If B=0, then B=0 and
L is an o-group. Thus D is also an o-group and hence D =(B). Since B is
divisible, D=B®Q for some divisible subgroup Q of D. Consider x=b+gq
EB®Q. If ¢>0, then 0<¢gED\B, and hence ¢>B. Therefore ¢> —b and
hence x=b+¢>0. If x>0 and ¢#0, then B+x=B+q is positive, and so by
Lemma 9.1, ¢>0. Thus b+q is positive if and only if ¢>0 or ¢g=0 and 520.

Q~D/BD(L+ B)/Bx~L/(LNB)=L/B.

Clearly D/B is the d-closure of (L+B)/B. It follows that Q is o-isomorphic
to the d-closure of L/B, and hence Q is an o-group.

Note that we have shown that if D =(S) for some convex subgroup S of
D, then D is a direct lexico-extension of S. Thatis, D=S®T and s+t€S+T
is positive if and only if £>0 or t=0 and s=0. Therefore the structure of an
abelian divisible /-group that satisfies (F) is given completely by Theorem
6.1. For in this case all the lexico-extensions used are direct.

ProrosiTiON 11.3. If L satisfies (F), then so does D.

Proof. Suppose (by way of contradiction) that there exists an element
d in D that exceeds the disjoint subset {x;: 1=1,2, .. } of D. There exists
a positive integer n such that nd € L. Thus by Corollary III of Theorem 5.2,
L34 has a finite basis, say a1, - - -, ax. But there exists a positive integer m
such that m(nd) > (mn)x; and (mn)x;EL for ¢=1, - - -, B+1. Since the
(mn)x; are disjoint and belong to L*¥, we have a contradiction.

Thus if L satisfies (F), then the structure of D is given completely by Theorem
6.1.
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ProposITION 11.4. Let U= {d,: yET'} be a basis for D, and for each d.,
pick a positive integer n, such that n,d,EL. Then V= {n.,d.,: 'yGI‘} s a basis
for L. Conversely each basis for L is also a basis for D. In particular L has a
basis if and only if D has a basis.

Proof. Clearly L#C D% for each v in I'. Each D% is an o-group, and
hence each #,d, is basic in L. Also it follows easily that V is a maximal disjoint
subset of L, and hence V is a basis for L.

Let S={a,: YET} be a basis for L. Then each L*" is a convex o-subgroup
of L and hence D* = Ls1 is a convex o-subgroup of D. Thus each a, is basic in
D, and by an easy argument S is a maximal disjoint subset of D. Therefore
S is a basis for D.

Note that if L is Archimedean and has a basis, then D is also Archimedean
and has a basis. Hence by Theorem 7.2, D can be embedded in a large cardinal
sum of divisible subgroups of the additive group of real numbers.

We have applied our structure theorems to the rational vector space D.
These theorems can also be applied to vector lattices over ordered division
rings provided that we restrict our attention to convex subspaces.
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